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ABSTRACT A graphical procedure is described by which one can obtain in principle the
monomer molecular weight, stoichiometry, equilibrium constant, and second virial coefficient
of nonideal monomer N-mer, isodesmic, and type II indefinite self-associating systems. In
addition, a method is presented for obtaining both the equilibrium constant and the second
virial coefficient from the maximum in a plot of apparent molecular weight vs. concentration if
the monomer molecular weight and stoichiometry are known. The usefulness and limitations of
the methods are discussed, as well as the quality and range of data required for determination
of the relevant parameters. The techniques described are applicable to analysis of self-
associating systems by osmotic pressure and light scattering, as well as equilibrium ultracen-
trifugation measurements.

Earliest theoretical (1) and experimental (2) analyses of self-associating systems in the
ultracentrifuge were restricted to ideal systems. Somewhat later attempts to deal with
nonideality in these types of systems (3) involved correcting data to their ideal values by using
calculated estimates of the second virial coefficient. The first full treatment of a nonideal
monomer-dimer system was given by Adams and Fujita (4), who presented an equation for
simultaneous determination of both the second virial coefficient and association constant. The
first treatment of a nonideal isodesmic indefinite self-association was given by Van Holde and
Rossetti (5), who used an iterative method to obtain the second virial coefficient for the
self-association of purine. Since then, these workers and others have elaborated their
techniques and developed others to deal with more complicated systems. The reader is
referred to the reviews and monographs by Adams (6), Yphantis (7), Williams (8), Teller (9),
Van Holde (10), Fujita (11), Lewis and Weiss (12), Eisenberg (13), and Kim et al. (14).

There are two general approaches to the analysis of ultracentrifugation data. One involves
determination of the moments of mass of the equilibrium distribution and the other involves
direct analysis of the mass distribution, either by curve fitting to sums of exponentials over
relatively large spans of data (15, 16, 9) or by various graphical techniques (17, 18).
The first method has the advantage that no specific model need be postulated to determine

the moments of the mass distribution. The calculated moments then can be used to test for
various reaction schemes. The direct fit methods are free from certain possible systematic
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errors inherent in the determination of some of the moments, but require that a model be
specified. However, once a model has been determined, a direct fit can be used to get relatively
precise estimates and error statistics for the parameters of the model. This communication is
concerned with a graphical procedure using the moments of the equilibrium mass distribu-
tion.

Several graphical methods for analysis of ideal and nonideal self-associating systems
employing moments of the equilibrium mass distribution have been reported (19-23). Some
of these methods are based on the concept of standard graphs expressed in terms of reduced
variables that allow direct comparison with experimental data. The graphical procedure
presented in this communication is based on similar concepts, and employs simultaneous
graphical fits to several molecular weight moments to yield, in principle, the monomer
molecular weight, stoichiometry, equilibrium constant, and second virial coefficient for
nonideal monomer N-mer, isodesmic, and type II indefinite self-associating systems.

INTRODUCTORY THEORY

In general, it can be shown for a species i at equilibrium in a centrifugal field in an
incompressible solution (24) that

M,(l -ip)w2 dt = dji, (1)

where Mi is the molecular weight, vi is the partial specific volume, p is the solution density, w is
the angular velocity of the rotor, R is the gas constant, T is the absolute temperature, 1.i is the
chemical potential per mole of species i, and t = r2/2.' For convenience, (see Yphantis [25])
we define

a, M,(l -v ,p)w2/RT. (2)

The chemical potential of species i is given by

At?F + RT In ciyi, (3)

where c, is the concentration of species i in units of g * cm 3, p.' is its standard chemical
potential, and yi is its activity coefficient that expresses deviations from thermodynamic
ideality as well as the effects of the Donnan equilibrium. Deviations from ideality arising
through intermolecular association are excluded specifically from y, (26). For most purposes,
nonideality and Donnan effects can be treated by expanding ln yi in a power series of the total
macromolecular concentration and truncating after the linear term (4) such that

ln yi = 2Baic, (4)

where B is the colligative second virial coefficient.
The validity of Eq. 4 for the description of nonideality in self-associating systems depends

on the assumption that the contribution to the second virial coefficient of each species is

'It is assumed in this treatment that the density increment, (1 - Di p), is independent of macromolecular
concentration. This approximation is valid for most cases encountered in practice (13).
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proportional to its mass. This assumption can be made probably quite generally for systems
composed of a monomer and its oligomers for those cases in which contributions to the second
virial coefficient arise from the Donnan equilibrium, since the charge-to-mass ratio is likely to
remain nearly constant on polymerization (27). However, the same assumption, in general,
cannot be made for systems in which the excluded volume makes an appreciable contribution.
The excluded volume contribution to B is given by a relation of the form Bi = a1>,/Mj, where a,
is a parameter reflecting the geometry of the molecule. For example (28), ai = 4 for spheres,
and ai = L/d (where L = length and d = diameter) for rod-shaped molecules. Thus, B,M, =
a,v,I/Ni, where N, is the stoichiometric coefficient. Therefore, in order that BiMi be a constant,
a, must be proportional to Ni. This would be true only for special geometries, such as
end-to-end polymerization of rods, and is a constraint that generally is not satisfied. The
problem of concentration dependence ofB has been reviewed recently by Eisenberg (13).
To proceed with the theoretical development, we substitute Eqs. 2-4 into Eq. 1 and perform

the indicated differentiation, obtaining the following relationship, which will be used to derive
the various familiar apparent molecular weight averages:

rici=* dc,
1 (5)
2B dc) 5

dt
The series of ideal molecular weight averages, o,,, a,,,, a, and a,,,, can be calculated from

the following definition (29), assuming vi and dn/dc (where n is the refractive index) are the
same for all species:

0k,id = O f (6)

where j = -1, 0, 1 and 2, and k = n, w, z, and z + 1, respectively. The corresponding
apparent molecular weight averages are given by (25)

0k,app dj'c/dtj' (7)

where j and k have the same meaning as above with the proviso that j = 0 refers to no
differentiation and ] = -1 refers to integration with respect to t.

For the discussion of nonideality and Donnan effects it is useful to define a recurrence
relation for deriving relations between the ak, id and the ak. app. It can be shown that

-ciaJ+ 1 - 1 -d-;c1cT (8)
( Bdc)d4

for j -1, 0, 1, and 2. Eq. 8 can be used with Eqs. 6 and 7 to generate the following familiar
(9) relationships:

1 1
Mn_app =-MM,d+ Bc (9a)
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MW,aPP=-+ 2Bc (9b)
Mw,app Mwsid

Mz,app=- (1 + 2BMW,idc)2 (9c)
A4z,app Mz,id

and also

1 1 (1 + 2BMW,jdc)2 (9d)

Mz+1,app MZ+1,idI + 2B(I - 3 Mzi MwdC]
| ( ~~MZ+Lid)Wi

Eqs. 9 form the basis for the analysis that follows.

GRAPHICAL METHOD OF ANALYSIS

The method is an extension of a log-log plot first used by Yphantis and Roark (20, 22) to
describe the behavior of various "ideal" molecular weight moments. Their method of
analyzing a nonideal system involved plotting data as log (Mi) vs. log (c), where Mi is one of
the ideal molecular weight moments (e.g., Myl, My2; see Eqs. 14a and b). By direct
comparison with standard curves plotted as log (MI/M1) vs. 1/(N - 1) log (KNCN- ), they
showed that one can obtain, in principle, the stoichiometry, monomer molecular weight, and
equilibrium constant for a nonideal system. The novel feature of the method presented here is
that by introducing a single dimensionless parameter, fA, defined below, one can generate
series of standard curves using the ordinary molecular weight averages, M, Mw, Mz, and
Mz+1, which can be employed to get the second virial coefficient as well as the other
parameters. The method is extended to treat monomer N-mer, isodesmic, and type II
indefinite self-associating systems, and can also be used to analyze heterogeneous two-species
systems (i.e., those that are not in chemical equilibrium) as well as systems composed of both
associating and nonassociating monomer N-mer components. An example of analysis of such
a mixed system has appeared (30). The procedure works best if either the monomer molecular
weight or stoichiometry or both have been determined previously by some other means, such
as a two-species plot ( 19, 20), or under experimental conditions such that only a single species
can be observed.
The reduced ideal molecular weight average (MWjd/Ml), where i = n, w, z, and z + 1 for a

monomer N-mer self-associating system, can be represented as a function of a in the following
way using Eq. 6; letting c, = (1 - a) c and c2 = ac, where cl and c2 are the concentration of
monomer and N-mer, respectively, a is the weight fraction of N-mer, and c is the total
macromolecular concentration as before:

Mn,id 1 (1Oa)

MWid = 1 + (N - I)a (lOb)
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MZ,id 1 + (N2 -_1)a (lOc)

Ml 1+(N-1)ao

Mz+l,id 1 + (N3-- I)a
M1 1 + (N2-1)a (10d)

In addition, we have, from the law of mass action and Eq. 4, that

KNcN I )N

where KN is the equilibrium constant in units of (cm3/g)(N '- for the self-association reaction

nM =P; KN= CN yN CN'

where M and P represent the monomer and polymer, respectively, and n = N.
To generate the final relationships to be used for the standard graphs,2 we combine Eqs.

9-11 to obtain the following equations which are functions only of a:

Mnapp + (N ) ((I a)N ) (12a)

1 + 213 (1 2b)
Mw,app I + (N- I)a + (1 -a)N

Ml 1+(N-1I)a a_I_N___
M= 1 + (f2_ I1 + 213[1 + (N - 1)a](( )N

Mz,app 1
+ (N2

I )a(I-
(1 2c)

Mz + I,app MZ + lid

tmwid~ a 1/(N1 2

M, )((I - a)N
(12d)

1 + 2|14- 3(AMzid )(MWwid)( a )IN-)

where f8 is defined by

BM, ~~~~~~~(13)K 11(N- 1 13

and is a dimensionless parameter reflecting the degree of deviation from ideal behavior for
any given extent, a, of association.

2A FORTRAN computer program for generating standard curves is available from the author on request.
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In addition to Eqs. 12, we consider three ideal molecular weight moments My1, MY2, and
Myo (20), which are independent of the second virial coefficient:

Ml2 + - lIal

M'1 1 N ] [1 + (N- I)a]

M1 1 + (N2-1)a

MY2 [1 + (N -1)a]

Ml 4[1 + (N -1)a][1 + (N2 -)a]3
MAI> {3[1 + (N2- 1)a]22- [1 + (N - I)a][l + (N3 - 1)CY]2

(14a)

( 14b)

( 14c)

The relationships for My, and My2 will be used in the graphical procedure, while the one for
Myo will be referred to below. The set of theoretical curves to be used for comparison with
experimental data is generated by plotting

log (Mi,app/Mi) vs. NI log (KNCN-I) (15)

parametrically as functions of a with d as a parameter expressing nonideality.
Plots of the functions represented by Eqs. 11, 12, and 14 are given in Fig. 1 a, b, and c for

monomer-dimer, monomer-trimer, and monomer-tetramer, respectively, for various values of
t0.

-2 -1 0 1 +2 3 4 5 -3 -2 4 Q0 .t 2 +3.4

V: b*P
FIGURE I Log-log plots for (a) monomer-dimer, (b) monomer-trimer, and (c) monomer-tetramer
self-associating systems for various values of # (defined in the text). The solid curves from left to right near
the top of each set are, respectively, for B - 0, M,+1, Mz, Mw, My2, M,, and My,. Note that the curve for

My2 crosses that for M,, in the lower region of each set of curves. These standard curves are used to obtain
the stoichiometry, monomer molecular weight, equilibrium constant, and second virial coefficient as

explained in the text.
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The functional dependence of each set of curves (Fig. 1) on log (c) is characteristic of the
stoichiometry and is used by comparison with experimental data to determine the stoichiome-
try of association. For weakly associating systems the shape of the log (My,/M1) and log
(My2/Ml) curves is quite characteristic of the stoichiometry and can be used as a diagnostic
feature if sufficiently precise data have been obtained (20).

ESTIMATION OF EQUILIBRIUM CONSTANT AND
SECOND VIRIAL COEFFICIENT

Moderately Nonideal Systems; < 0.1

The data are plotted as log (Mi.app) vs. log (c) on the same scale as the standard graphs and, if
Ml is known, the plots of log (My,) and log (MUy2) and the lower parts of log (M. + ,), log (M,),
log (Mw), and log (M.) are superimposed on the standard plots and the equilibrium constant is
taken from the intercept of the origin of the abscissa of the experimental plot on the abscissa
of the standard plot. In addition, if M, is to be estimated, the intercept of the origin of the
ordinate of the theoretical plot with the ordinate of the experimental plot will give log (MI).
The second virial coefficient can be estimated by comparing the data with curves with various
values of (3. A procedure for obtaining both a and KN from the maximum, if such a maximum
is observed, in the log (Miapp) curves is given below, and is useful for determining values of,(
used to generate standard curves.

Strongly Nonideal Systems; a > 0.1

The best way to obtain A for a strongly nonideal system is to obtain first a value of KN from the
x-axis intercept using My, and My2 and then at a particular value of a to make successive
guesses at (3 using Eqs. 12 until the log (Mi,app/Mi) calculated agree with those observed. Then
a set of theoretical curves is generated using this value of ( to see if agreement is observed over
the entire span of data. This procedure is repeated at several values of a, readjusting KN or
choosing another value of N, if necessary, until a satisfactory fit is obtained.

ISODESMIC INDEFINITE SELF-ASSOCIATION

An isodesmic indefinite self-association is one of indefinite extent whose successive molar
equilibrium constants are equal (5, 6, 31-33). For a self-association of this type we have

MnJd 1 + (1 + 4y)"/2 (16a)
M, ~~2

M -id= 1 + (1 + 4,y)"/2 (16b)

MzJd (1 + 6'y) 16c)
M, (1 + 4y)'/(

In addition, since Mz +1 = [d(cMwM,)] / [d(cMw)] we also have

MZ+I,id (1 + 12y)(l + 4y) I/2
(1+6y) 1)(16d)
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where y = kc and k is the equilibrium constant for the addition of successive monomers in
units of (cm3/g). For a nonideal isodesmic system the following relations apply from Eqs. 9
a-d:

Ml_ 2_12 + #'y (17a)
Mn,app I + (I + 4y)

ml_ I_1
fl (17b)

Mw,app (1 + 4y)12+ 2z(7

M1 p (1 + 46.)/) [1 + 2/3(1 + 4()1/2,]2 17c)
Mz,app (1 + 6'y)

Ml Ml [1 + Ml (17d)
Mz+ 1,app jz+ + [ MZ+,d)( MI id

where is a dimensionless parameter defined by

3 BM, (18)
k

Finally, for a system whose nonideality is restricted to the second virial coefficient, we have
the ideal molecular weight moments as above.

AfA - 1 + (1 + 47)1/2 ~(1 + 47) (19a)

M, (1 + 68) ~~~~~~~~(19b)
My2 (1 + 4y)3/2

Ml (1 + 4y)1/2 [3 (1 + 12y)(I + 4y)1-2

MYO (1 + 6,y) 12 2(1 + 6-y2

Again, theoretical curves can be generated by plotting log (Mi.app/Mi) vs. log (-y), with /3 as
a parameter expressing nonideality. Curves for various values of /3 are presented in Fig. 2.
Experimental data are plotted as log (Mi.app) vs. log c, superimposed on the theoretical curves,
and the intercepts of the axes used to obtain log (k) and log (MI) as explained above for
monomer N-mer systems. The second virial coefficient is also obtained as explained above.

TYPE II INDEFINITE SELF-ASSOCIATING SYSTEMS

Another type of indefinite self-association that can be treated by the methods described here is
the so-called type II indefinite self-association in which only monomer and even (N = 2i; i =
1, 2, 3, 4 ... ) polymers are present. A simple expression for the apparent molecular weight
moments as a function of total concentration cannot be written, but both the moments and
total concentration can be expressed as parametric functions of the monomer concentration
(33). One can plot log (Mi/M1) vs. log (kc) with /3 = BM,/k as a parameter as above.
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FIGURE 2 Log-log plots for an isodesmic indefinite self-associating system for various values of ,
(defined in text). The curves are as explained in the legend to Fig. 1.

DETERMINATION OF BM1 AND KN FROM THE MAXIMUM

If a range of concentrations has been chosen such that a maximum is observed in a graph of
Mn,app, Mw,appq or MzAapp vs. c for a monomer N-mer self-associating system, then the following
relationships are useful for analysis of the system:

Mn,app,max [1 + (N - 1)Oamax,n] (20a)
Ml [1 + 2 aNmax,2(I - amax,n)I

Mw,app,max [1 + (N- 1)amax,w]3 (20b)
ml [[1 +(N2- 1)amax,w]
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Mz,app,max {3[1 + (N2 _ 1)amaxz]2 _ [1 + (N - 1)amax,z] [ + (N3- 1)amaxzl}2
= . . ~~~~~~~~~~~~~~~20c)Ml 4[1 + (N - l)amax,z] [1 + (N2- 1)aimaxzl(

(N-i1)2 (1- almax,n)N+I amax,n (N-2)/(N-1)
N [1 + (N - l)amax,n] (1( - amax,n)Nj (21a)

=(N - 1)2 (1 - amax,w)N+I [ amax,w 1(N- 2)/(N- 1) (21b)2 [1 + (N 1)-ImaxJw3 (I amax,w)|J

: ~~~N(N+ 1)
2[1 + (N - I)amxZ] Ik amax,z)~NI I(-1)

[( )max,z]I[(N1- I) max

) ]22c

{2[l + (NA2 - llamax,z][(N- 1) + (N-+( -1 ] - N(N- 1) 2
(N - I)amax,z(l - ama,x,z)1'

where amax,n, amax,w, and amax,z are the values of a at the maximum in graphs of Mn,app, Mz,appi
and Mzapp vs. c. Eqs. 21 were obtained by differentiating Eqs. 12 with respect to a. Eqs. 20
were obtained by substituting Eqs. 21 back into Eqs. 12.

After obtaining values of Mn,app,maxq Mw,app,max, and Mz,app,max from the graph of Mn,app' Mw,app
and Mz,app vs. c, one obtains values for amax,n, aniax, W.) and amax,z by successive approximations
from Eqs. 1 2a, b, and c after a value for N has been estimated. These values of amax,n, amax,w,
and amax,z and the values of c at the maximum can be substituted into Eq. 11 to obtain
estimates of KN. The virial coefficient, in turn, can be estimated from Eq. 13. The parameters
can also be estimated graphically (Fig. 3). Error estimates are given in Fig. 3 c.

Both BM, and k can be estimated also for isodesmic self-associating systems from the
positions of the maxima in log (Mi.app/Mi) vs. log (c) plots. The following relations are
employed similarly to those for the monomer N-mer case above:

Mn,app,max [1 + (1 + 4Ymax,n) / ](I + 4"Ymax,n)1/1 (22a)
It 3(1 + 4,ymnax,n)"12 - 1

Mw,app.max (1 + 4YYmax,w)3/2 (22b)

Ml (1 + 6ymaxw)

Mz,app,max ax,z) (22c)
Ml (1 + 4ymax,z)'1/2(l + 6Ymaxz )3

On (1 + 4'ymax,n) 1/2[1 + (I + 4Yax,n)/22 (23a)

(1 + 4Ymax,w) / (23b)

a ~ + (I + 3-Ymax,z) (23c)
z I+ 4tmax,z) + I10'Ymax,z Mxz
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FIGURE 3 Monomer-dimer systems, shown to emphasize the single-valued relationship between K2c,X,
O..,, and (MW,,pp,,,,XM,). (a) Graph of (Mwa.wppaxlMl) vs. -log(#,), used to obtain #,, with K2c.,, and anx.w
as the right-hand ordinates. (b) Graph of log(K2cx,,) vs. log(Mw,.pp,,,/M,) used to obtain K2. (c) Graph of
the percentage error in K2c,, for a 1% error in (MW,ap,,,1M,) as a function of (MW,.pp,,,,,,M,) showing
that the useful range of this method is roughly 1.1I (MW,,pp,t/Ml) s 1.8.

TESTS OF THE GRAPHICAL METHOD

The methods presented above have been tested on data for several systems presented in the
literature. Both the graphical (log-log) method and the method for obtaining the equilibrium
constant and second virial coefricient from the maximum gave results in good agreement with
those reported. Two examples of the graphical method are given, one for nonideal monomer-
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FIGURE 4 (A) Log-log plot of data for the monomer-dimer self-association of ,B-lactoglobulin A; 17/2 =
0.10, pH 2.46, at 200C from the work of Tang (34). A value of 3,B = 0.0195 was estimated from the
maximum value of MW,A/MI. A value of K2 = 3.2 dl/g was obtained from the x-axis intercept and agrees
well with the value of 3.5 dl/g reported by him. A value of BM, = 0.062 dl/g was obtained from the
product (3K2 and also agrees with the value of 0.067 dl/g reported by him. (B) Log-log plot of data for the
isodesmic indefinite self-association of purine taken from Van Holde and Rossetti (5). The points were
taken from an interpolation curve drawn through their data. A value of 3,B = 0.025 used for the plot was
taken from the maximum value of Mw.pp/M,. A value of k = 2.97 M` was obtained from the x-axis
intercept and agrees well with their value of 2.80 M -'. A value of BM, = 0.074 M' was obtained from the
product (3k and agrees well with their reported value of 0.074 M-'.

dimer self-association of fl-lactoglobulin A at pH 2.46 (34), the other for the nonideal
isodesmic indefinite self-association of purine (5). The graphical analyses of both systems are
shown in Fig. 4, while the result obtained from the use of the maximum in the plots is given in
Table I. Also included in Table I are results obtained with the maximum method (Eqs. 20-23)
for several other systems reported. These relationships will give values of the equilibrium
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COMPARISON
TABLE I

OF VALUES OF K AND BM, ESTIMATED FROM THE MAXIMUM WITH
VALUES REPORTED IN THE LITERATURE

Calcualted
Reported in reference Clul.e

System Reference (MRrPP/ atedi, r ce,r from maximum
K BM, K BM,

purine* 5 2.36 2.711 2.5 x 10-2 0.91 M 2.80 M-' 0.074 M 2.97 M 0.074 M
,-lactoglobulin B
pH 2.58, T/2 - 0.10
t - 25°C 45 1.38 0.53 1.45 x 10-2 0.45 gidl 4.25 dllg 0.108 dllg 5.28 dllg 0.078 dl/g

P-lactoglobulin A
pH 2.46, T/2 - 0.10
t - 20°C 34 1.34 0.49 1.95 x 10-2 0.56 3.50 0.067 3.2 0.062

P-lactoglobulin B
pH 2.64, T/2 - 0.16
t - 250C 46 1.56 0.68 3.46 x 10-3 0.32 23.1 0.055 20.8 0.072

myosin rod 47 1.12 0.26 1.01 x 10-, 0.06 8.0 0.84 7.9 0.80
myosin rod 47 1.10§ 0.35 1.00 x 10-, 0.10 8.0 0.84 8.3 0.83
light meromyosin 47 1.1711 0.46 5.34 x 10-2 0.18 10 0.52 8.8 0.47
myosin 48 1.0811 0.20 1.50 x 10-, 0.035 8.9 1.3 10.0 1.5
,8-lactoglobulin C
T/2 - 0.10, t - 250C 49 1.42 0.56 1.12 x 10-2 0.34 5.9 0.123 8.5 0.095

histone tetramer 50 1.45 0.59 8.57 x 10-3 0.43 0.68 0.007 0.81 0.0068

t, temperature.
*Purine self-association is isodesmic; the other systems reported in this table are monomer-dimer.
tkc.
§(M,x,/Mi),IM .;, taken from the point Mwp, - M,,pp. See Eq. 24a.
II (M,.pp,/M,) was taken from the point M..pp - Mwpp See Eq. 24b.

constant consistent with that obtained from the x-axis intercept of the log-log plots if the
correct monomer molecular weight and mode of association have been determined. Therefore,
they serve as a useful check on the conclusions reached by other methods.

NOTABLE FEATURES AND PRECAUTIONS

It is interesting to note that at Cmax,n

M1 I_ M_

Mn,app,max .Myl Mw,app9
(24a)

at Cmax,w

M1w _ M,2 M,
A4w,app,max My2 fz aPpp

(24b)

and at Cmax,z

M,__ M, M,
Alz,app,max Myo MVz+/Iapp

(24c)

for both monomer N-mer and isodesmic self-associating systems. The first half of these
relationships can be obtained by comparing the monomer N-mer relationships (Eqs. 12) with
Eqs. 14, and the isodesmic relationships (Eqs. 17) with Eqs. 19. The second half follows from
the definition for M1,, My2, and Myo (18). In fact, Eqs. 24 can be shown to hold at any
extremum, either a maximum or a minimum, and are not necessarily characteristic of the
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mode of association or extent of nonideality. Therefore, one should use the complete set of
molecular weight moments and compare the relative heights and positions of their respective
maxima to see that they are self-consistent, since systematic errors in the data caused by a bad
blank correction, incorrect focus, or excessively noisy data could lead to fluctuations in the
moments that might be interpreted as nonideal self-association.

Curves for various values of 1 (Figs. 1 and 2) have been truncated just after the maxima for
the sake of clarity. Obviously, there could exist systems for which the entire observable extent
of the data would lie to the right of the maxima. Systems of this type could be mistaken for
anomalously behaving nonideal systems composed of a single species, unless several molecular
weight averages were used. Extrapolation from such regions of data on the customary plot of
I/Mw vs. c might suggest the need for more than one virial coefficient to describe the data and
would give an erroneous value for the infinite dilution value of the molecular weight of the
presumed species. Fig. 5 shows a nonideal monomer-dimer system with a value of 0.01 for ,B.
The inverse reduced weight average molecular weight is plotted vs. K2c for values of 0.7 -< a

0.91, for which the deviation from linearity is no more than 2%. Use of the ideal molecular
weight moments and other of the ordinary moments would be necessary for the correct
analysis of this system. Furthermore, it should be pointed out that the limiting slope as c - 0
in Fig. 5 gives neither the quantity (2BM, - K2) nor any other parameter relevant to the
analysis of the system. Generally, procedures using such a limiting slope procedure are not
applicable unless the weight fraction of the dimer does not exceed 0.07 over the range of data
used to estimate the slope, since the power series expansion of 11/MW vs. c for a monomer-
dimer system has a linear range which at best extends to 7% association (26).
The graphical method works best for data spanning from about a s 0.25 to 2 0.80 if

stoichiometry, MI, and equilibrium constant are to be estimated. On the other hand, if the
stoichiometry and Ml are known, then only a relatively short span of data is required to get the
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FIGURE 5 Graph of (M,/MW,,W) vs. K2c for 18 - 0.01. See text for explanation. Values of a are shown in
parentheses.
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equilibrium constant for both ideal and nonideal systems. The most accurate estimate of
parameters for nonideal systems can be obtained for those systems that exhibit maxima in the
plots of Miapp vs. C.

Difficulties in the analysis may arise from at least four basic sources: (a) incorrect choice of
a model because of ambiguous data, (b) systematic errors in the computation of the moments,
(c) systematic errors from poor blank correction, or (d) large random errors in the primary
data. One may often find that the choice of a model is arbitrary because two or more models
fit the data nearly equally well. Such cases may arise especially in systems for which either the
monomer molecular weight or stoichiometry is not known accurately. For example, the Mw (r)
for purine isodesmic self-association (Fig. 4 B) can be fitted with nearly the same precision to
a monomer-trimer model with 13 = 5.44 x I0 and an estimate of M1 that is 10% higher than
the true value. However, this ambiguity could be resolved if more data were collected at
higher concentrations and if other moments such as M2(r) and My2 (r) were employed. The
maximum in the monomer-trimer standard curve is considerably broader than the one for the
isodesmic model. This difference would become apparent at higher concentrations, leading to
rejection of the monomer-trimer model. If, on the other hand, the correct, isodesmic model
were chosen for the purine case, a 10% error in Ml would lead to only a -10% error in BM1
and a -25% error in k, with fits noticably poorer than with the correct moleuclar weight. A
classic example of an ambiguous case is lysozyme (13,35), which can be fit to either a
nonideal monomer-dimer or a slightly more nonideal isodesmic model. Again, this ambiguity
could be resolved if observations were made at a higher concentrations such that MI/M1 >
1.25 and if other moments in addition to MJ(r) were employed. Any method of analysis will
fail if the data do not span a concentration range that provides unambiguous information.

Systematic errors in the computation of MJ(r) and Mn (r), which are also reflected strongly
in My,(r) and My2(r), will lead to characteristic inconsistencies in the set of log-log plots such
that no model can be fit. These errors arise from the choice of the zero level of concentration
and from the estimation of an integration constant needed to compute M"(r), and can be
reduced by choosing rotor speeds that effect meniscus depletion (25). It is recommended that
one start the analysis using M,(r), since its estimation is not dependent on choices of either of
these constants. One first chooses a model using M,(r) alone and if necessary makes various
choices for zero level, recomputing the moments until a self-consistent set of curves is found. If
a set of self-consistent curves cannot be found by this method, one may assume that the model
is wrong. This practice is not recommended, however, unless the monomer moleuclar weight is
known accurately.
Random errors in the primary c vs. r data will lead to fluctuations in the moments. M +, is

the most sensitive to noise and cannot be estimated reliably in many cases. The other moments
can be estimated with a precision of 2-3% in M,, 5% in Mz, 5-10% in M", My,, and My2. In
practice, large random errors (>- ±0.005 mm) often lead also to incorrect choices in the zero
level and integration constant, introducing systematic errors into the moments depending on
them. It is recommended that laser optics (36-39), fine grain films, and automated plate
reading equipment (30, 40-43) be employed to collect fringe displacement data. Primary data
with random errors of ± 0.002 mm or less can be obtained routinely with such equipment. The
moments of the distribution should be estimated with one of the standard computer programs
developed for this purpose. This author has had most experience with the one developed by
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Roark and Yphantis (20) and finds it adequate in most cases to do this type of analysis. This
program allows input of the meniscus concentration, if necessary, and uses several methods to
compute the integration constant for M"(r), depending on what is known about the system.

It is worth pointing out that ndnideal behavior of two-species plots also can be treated
through the dimensionless parameter, f3. As for the other plots above, deviation from ideality
is dependent only on the value of ,B.

CONCLUSION

A graphical procedure for the analysis of nonideal monomer N-mer, isodesmic, and type II
indefinite self-associating systems has been described. The procedure is especially useful for
analysis of monomer-trimer and higher monomer N-mer self-associations for which simple
analytical expressions do not exist. By comparing the concentration-dependent behavior of the
ordinary molecular weight averages, Mn, Mw, Mz, and Mz+1 with standard curves for various
self-association schemes, one can determine a dimensionless parameter, ,3, defined above,
which characterizes the nonideal behavior of the system as long as the logarithm of the
activity coefficient of the macromolecular species can be represented as a linear function of
the total macromolecular concentration (see Eq. 4). In principle, one can obtain from these
plots the stoichiometry, monomer molecular weight, equilibrium constant, and second virial
coefficient. An account of the procedures described here was presented at the 1979 meeting of
the Biophysical Society (44).
The basic principles involved here can be extended to treat ideal three-species, type III, and

type IV indefinite self-associating systems using the ordinary molecular weight moments, and
nonideal three species, type III, and type IV indefinite self-associating systems using the ideal
moments. In principle, the method can be extended to treat monomer N-mer, isodesmic, and
type II indefinite self-associating systems with nonideality appearing in either the second and
third or second and fourth virial coefficients if the ideal moments are employed. Fundamen-
tally, it the stoichiometry and monomer molecular weight are known, these are all two-
parameter systems. After an equilibrium constant has been estimated from the x-axis
intercept, the second parameter may be estimated by comparison of the data with standard
curves generated for various values of the second parameter. If the concentration span is
sufficient, the two parameters will be uniquely determined, in principle.
The methods described are not restricted to data obtained by ultracentrifugation and can be

used directly for analysis of thermodynamically homogeneous, single-component, self-
associating systems by osmotic pressure and light-scattering measurements.
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